Abstract. In this paper, we show that certain theta function identities of Schröter and Ramanujan imply elegant partition identities.
Introduction
H. M. Farkas and I. Kra [5] observed that certain theta function identities yield remarkably interesting identities for partition functions. Most likely, their most interesting identity for partitions is contained in the following theorem. Theorem 1.1. Let S denote the set consisting of one copy of the positive integers and one additional copy of those positive integers that are multiples of 7. Then for each positive integer k, the number of partitions of 2k into even elements of S is equal to the number of partitions of 2k + 1 into odd elements of S.
The second author of the present paper noted that Theorem 1.1 is one of five theorems of this sort that can be derived from modular equations found by both H. Schröter [7] and Ramanujan [6] . However, each of the five theorems is slightly different from the others, and we conjecture that each is unique, i.e., there are no further theorems in which, for example, "7" in Theorem 1.1, can be replaced by another prime.
The present authors found that many further modular equations and theta function identities of Ramanujan yield elegant partition identities [1] . Some of these theta function identities give new identities for t-cores [1] . The purpose of this paper is to continue the study begun in [4] and [1] , but we emphasize that most of the theorems offered in this paper have somewhat different forms from those in the aforementioned papers. Each of our theorems arises from a theta function identity of Schröter-type. We state three of Schröter's general formulas at the end of Section 2. Each modular equation of degree n is equivalent to an identity relating theta functions with argument q to theta functions with argument q n . So, we call such a theta function identity, a theta function identity of degree n. In this paper, we do not need to make any further references to modular equations. The theta function identities that we employ can be found in Ramanujan's notebooks [6] and/or in Berndt's books [2] , [3] . As in the two papers cited above, we conjecture that each of the theorems that we prove is unique. Thus, for example, in Theorem 3.1 below, "3" cannot be replaced by any other prime.
Notation and Preliminary Results
Throughout this paper, we assume that |q| < 1 and use the standard notation Lemma 2.1. We have
We also use the following theta-function identity recorded by Ramanujan in his second notebook [6] The main ingredients in our proofs are theta function identities, especially Schröter's identities [7] , [2, Chapter 16] , which have been useful over the years in many contexts, in particular, in establishing modular equations [2, . Several special cases worked out in [2] are quoted in the sequel. Other special cases that are needed arise from the general Schröter identities that we record below.
If µ and ν are integers such that µ > ν ≥ 0 and A and B are arbitrary, then [2, p. 68],
If µ is even, ν is a nonnegative integer, and µ > ν, then [2, p. 69]
3. Partition Identities Related to Theta Function Identities of Degree 3 Theorem 3.1. Let A(N ) denote the number of partitions of 4N into two distinct colors with one color, say orange, appearing at most once and only in odd parts and the other color, say blue, appearing at most once and only in odd multiples of 3. Let B(N ) denote the number of partitions of 4N into four distinct colors, with two colors, say red and green, appearing at most once and only in multiples of 4 and the remaining two colors, say pink and violet, appearing at most once and only in odd multiples of 6. Then, for
Proof. Setting µ = 2 and ν = 1 in (2.15), we deduce that
Replacing q by −q in (3.1), we find that
Adding (3.1) and (3.2), we find that
Writing (3.3) in q-products with the aid of (2.4) and (2.5), and then simplifying with the help of (2.7), we arrive at
It is readily seen that (3.4) has the partition theoretic interpretation given in Theorem 3.1.
Then A(3) = 7 = B(3), and the representations that we seek are given by
In the definition of A(N ) in Theorem 3.1, replace 4N by 2N + 1. Let C(N ) denote the number of partitions of 2N into four distinct colors, with two colors, say red and green, appearing at most once and only in odd multiples of 2 and the remaining two colors, say pink and violet, appearing at most once and only in multiples of 12. Then, for N ≥ 1,
Proof. Subtracting (3.2) from (3.1), we find that
The identity (3.5) was also recorded by Ramanujan in his first notebook [6, p. 230] , [3, p. 356, Entry 2] . Writing (3.5) in q-products with the help of (2.4) and (2.5), and then simplifying with the aid of (2.7), we deduce that
From (3.6), we readily deduce the partition identity claimed in our theorem.
Then A(8) = 11 = C(8), and the required representations are given by
r + 2 r = 14 r + 2 g = 14 g + 2 r = 14 g + 2 g = 12 p + 2 r + 2 g = 12 v + 2 r + 2 g = 10 r + 6 r = 10 r + 6 g = 10 g + 6 r = 10 g + 6 g = 6 r + 6 g = 2 r + 2 g . Theorem 3.3. Let A(N ) denote the number of partitions of 2N + 1 into distinct odd parts that are not multiples of 3, with each having two colors, say orange and blue. Let B(N ) denote the number of partitions of 2N into four distinct colors, with one color, say red, appearing at most once and only in multiples of 4, two colors, say green and violet, appearing at most once and only in multiples of 6, and the remaining color, say pink, appearing at most once and only in multiples of 12. Then, for N ≥ 1,
Proof. Setting µ = 2, ν = 1, A = 1, and B = −1 in (2.13), we can deduce that
Dividing both sides of (3.7) by φ(q 3 )φ(−q 3 ) and using (2.11), we find that
Expressing (3.8) in q-products with the help of (2.4) and (2.5), and then employing (2.7), we obtain
From (3.9), we readily deduce the partition identity stated in our theorem.
Then A(6) = 12 and B(6) = 6, with the relevant representations being given by
Theorem 3.4. Let A(N ) denote the number of partitions of 2N + 1 into odd parts that are not multiples of 3, with each having two colors, say orange and blue. Let B(N ) denote the number of partitions of 2N into four distinct colors, with two colors, say red and green, appearing at most once and only in multiples of 2, one color, say pink, appearing at most once and only in multiples of 4, and the remaining color, say violet, appearing at most once and only in multiples of 12. Then, for N ≥ 2,
Proof. Dividing both sides of (3.7) by φ(q)φ(−q) and employing (2.11), we deduce that
Writing (3.10) in product notation with the aid of (2.4) and (2.5), and then using (2.7), we deduce that 1
From (3.11), we deduce the partition identity claimed in the theorem.
Then A(3) = 16, B(3) = 8, and the required representations are given by
Partition Identities Related to Theta Function Identities of Degree 5
Theorem 4.1. Let A(N ) denote the number of partitions of 2N + 1 into distinct odd parts that are not multiples of 5, with each having two colors, say orange and blue. Let B(N ) denote the number of partitions of 2N into four distinct colors, with one color, say red, appearing at most once and only in multiples of 2, and the remaining three colors, say green, pink, and violet, appearing at most once and only in multiples of 10.
Proof. Setting µ = 3, ν = 2, A = 1, and B = −1 in (2.13), we can deduce that
Dividing both sides of (4.1) by φ(q 5 )φ(−q 5 ) and employing (2.11), we find that
Expressing (4.2) in product notation with the help of (2.4) and (2.6), and then employing (2.7), we find that
3) It is now easily seen that (4.3) has the partition theoretic interpretation stated in our theorem.
Then A(5) = 12, B(5) = 6, and the representations we seek are
, 10 r = 10 g = 10 p = 10 v = 8 r + 2 r = 6 r + 4 r . Theorem 4.2. Let A(N ) denote the number of partitions of 2N + 1 into odd parts that are not multiples of 5 and each having two colors, say orange and blue. Let B(N ) denote the number of partitions of 2N into four distinct colors, with three colors, say red, green, and pink, appearing at most once and only in multiples of 2, and the remaining color, say violet, appearing at most once and only in multiples of 10. Then, for N ≥ 1,
Proof. Dividing both sides of (4.1) by φ(q)φ(−q) and using (2.11), we obtain the identity
Writing (4.4) in q-products with the help of (2.4) and (2.6), and then employing (2.7), we deduce that 1 (q, q 3 , q 7 , q 9 ; q 10 ) 2
From (4.5), we deduce the partition identity claimed in the theorem.
Then A(2) = 12, B(2) = 6, and the required partitions are
The Theorem of Farkas and Kra and a Theta Function Identity of
Degree 7
Our aim in this section is to demonstrate that Schröter's identity (2.13) easily leads to the theta function identity yielding Theorem 1.1 of Farkas and Kra [5] .
Setting µ = 4 and ν = 3 in (2.15), we can deduce that
Replacing q by −q in (5.1), and then subtracting the resulting identity from (5.1), we find that
2) in terms of q-products with the help of (2.5), we see that
We can rewrite (5.3) with the help of (2.7) as
It can readily be seen that (5.4) is equivalent to Theorem 1.1.
In fact, each of the partition identities proved in [5] and [4] arises from a theta function identity that can be proved by using one of Schröter's formulas.
Partition Identities Related to Theta Function Identities of Degree 15
Theorem 6.1. Let A(N ) denote the number of partitions of 2N into two distinct colors with one color, say orange, appearing at most once and only in odd parts and the other color, say blue, also appearing at most once and only in odd multiples of 15. Let B(N ) denote the number of partitions of 2N into parts congruent to ±4, ±6, ±8, ±10, ±16, ±18, ±28, or 30 modulo 60 with parts congruent to 30 modulo 60 having two colors. Then, for N ≥ 2,
Proof. From Entry 9(iv) of Chapter 20 in Ramanujan's second notebook [6] , [2, p. 377],
Writing (6.1) in q-products with the help of (2.5), we obtain the equivalent identity
We rewrite (6.2) as It can readily be seen that (6.3) has the partition theoretic interpretation claimed in our theorem. Theorem 6.2. Let A(N ) denote the number of partitions of 2N +3 into parts congruent to ±4, ±8, ±16, ±28 modulo 60 or into two distinct colors with one color, say orange, appearing at most once and only in odd multiples of 3 and the other color, say blue, also appearing at most once and only in odd multiples of 5. Let B(N ) denote the number of partitions of 2N into two distinct colors with one color, say red, appearing at most once and only in even parts and the other color, say green, appearing at most once and only in multiples of 30. Then, for N ≥ 1,
Proof. From Entry 9(i) in Chapter 20 of Ramanujan's second notebook [6] , [2, p. 377],
Expressing (6.4) in q-products with the aid of (2.5), we deduce that
Employing (2.7), we can rewrite (6.5) as Proof. Setting µ = 4, ν = 1, and A = B = 1 in (2.13), we deduce that
where Q = q 15 . Now, from (2.12), we deduce that 2f (q 6 , q 10 ) = ψ(q) + ψ(−q) (6.8) and 2qf (q 2 , q 14 ) = ψ(q) − ψ(−q). (6.9) Employing (6.8) and (6.9) in (6.7), we find that It is readily seen that (6.12) has the partition theoretic interpretation given in Theorem 6.3. Theorem 6.4. Let A(N ) denote the number of partitions of 4N + 6 into two distinct colors with one color, say orange, appearing at most once and only in odd parts and the other color, say blue, also appearing at most once and only in odd multiples of 15. Let B(N ) denote the number of partitions of 4N into four distinct colors with two colors, say red and green, each appearing at most once and only in multiples of 4, and the remaining two colors, say pink and violet, each appearing at most once and only in multiples of 60. Then, for N ≥ 1,
A(N ) = B(N ).
Proof. Setting µ = 4 and ν = 1 in (2.14), we find that
where Q = q 15 . Adding (6.10) and (6.13), we find that
Now, from Entry 9(iii) in Chapter 20 of Ramanujan's second notebook [6] , [2, p. 377],
Equating the right-hand sides of (6.14) and (6.15), we arrive at
Employing (2.9) and (2.10) in (6.16), we find that
(6.17) Writing (6.17) in product notation with the aid of (2.4) and (2.5), we arrive at
Using (2.7), we can rewrite (6.18) as
Now, let a(n) be defined by
Using (6.20), we can rewrite (6.19) as
Equating coefficients of q 4N +8 on both sides of (6.21), we readily arrive at the partition identity claimed in our theorem. Proof. From (6.10) and (6.1), we deduce that
where Q = q 15 . Now, replacing q by q 2 in (6.22) and then employing (6.4), we arrive at
Expressing (6.23) in q-products with the help of (2.4) 
Employing (6.26), we can rewrite (6.25) as
Equating coefficients of q 12N +4 on both sides of (6.27), we arrive at the partition identity given in the theorem. 
Partition Identities Related to Theta Function Identities of Degree 27
Theorem 7.1. Let S denote the set of partitions into four distinct colors with two colors, say orange and blue, appearing at most once and the other remaining two colors, say red and green, appearing at most once and only in multiples of 27. Let A(N ) denote the number of partitions of 2N +7 into odd elements of S or into parts congruent to ±18 modulo 54, and let B(N ) denote the number of partitions of 2N into even elements of S or into parts congruent to ±18 modulo 54. Furthermore, let C(N ) denote the number of partitions of 2N + 6 into even parts that are not multiples of 3. Then, for N ≥ 1,
Proof. From Entry 4(iv) in Chapter 20 in Ramanujan's second notebook [6] , [2, p. 359] ,
Expressing (7.1) in q-products with the help of (2.4)-(2.6), we find that
Dividing both sides of (7.2) by (q 2 ; q 2 ) ∞ (q 54 ; q 54 ) ∞ and then employing (2.7), we deduce that
We can rewrite (7.3) in the form
Equating coefficients of q 2N +7 on both sides of (7.4), we readily deduce the partition identity claimed in the theorem.
Then A(3) = 26, B(3) = 6, C(3) = 7, and the relevant partitions are given by 
Partition Identities Related to Theta Function Identities of Degree 35
Theorem 8.1. Let S denote the set of partitions into four distinct colors with two colors, say orange and blue, appearing at most once, and the other remaining two colors, say red and green, appearing at most once and only in multiples of 35. Let A(N ) denote the number of partitions of 2N + 1 into odd elements of S, and let B(N ) denote the number of partitions of 2N − 8 into even elements of S. Furthermore, let C(N ) denote the number of partitions of 2N into even parts that are not multiples of 5 or 7. Then, for N ≥ 5,
Proof. From Entry 17(i) in Chapter 20 of Ramanujan's second notebook [6] , [2, p. 417] ,
Writing (8.1) in product notation with the help of (2.4)-(2.6), we find that From (8.3), we readily deduce the partition identity claimed in the theorem.
Then A(5) = 16, B(5) = 2, C(5) = 6, and the desired representations are given by
8 + 2 = 6 + 4 = 6 + 2 + 2 = 4 + 4 + 2 = 4 + 2 + 2 + 2 = 2 + 2 + 2 + 2 + 2.
Theorem 8.2. Let S denote the set of partitions into four distinct colors with two colors, say orange and blue, each appearing at most once and only in multiples of 5, and the other remaining two colors, say red and green, appearing at most once and only in multiples of 7. Let A(N ) denote the number of partitions of 2N + 3 into either odd elements of S or into even parts not congruent to multiples of 5 or 7 modulo 70, and let B(N ) denote the number of partitions of 2N into either even elements of S or into even parts not congruent to multiples of 5 or 7 modulo 70. Then, for N ≥ 1,
Proof. The following theta-function identity was recorded by Ramanujan in Chapter 20 of his second notebook [6] , [2, p. 417 , Entry 17(ii)], namely,
Writing (8.4) in q-products with the help of (2.4)-(2.6), we find that from which we readily arrive at the partition identity claimed in our theorem.
Example: N = 6
Then A(6) = 24, B(6) = 12, and the relevant partitions are given by Let A(N ) denote the number of partitions of 2N + 6 + − (ν 2 − 1)/8 into parts that are multiples of 4 but not multiples of 4(8 − ν) or 4(8 + ν), or into two distinct colors with one color, say orange, appearing at most once and only in odd multiples of 8 − ν and the other color, say blue, appearing at most once and only in odd multiples of 8 + ν. Let B(N ) denote the number of partitions of 2N + into two distinct colors with one color, say red, appearing at most once and only in odd parts and the other color, say green, appearing at most once and only in odd multiples of 64 − ν 2 . Then, for N ≥ 2,
Proof. The three parts of the corollary in Section 37 of Chapter 16 of Ramanujan's second notebook [6] , [2, p. 74] may be collectively written as
where ν = 5, 3, 1, Q = q 64−ν 2 , and where the plus sign is chosen in the first two cases and the minus sign is chosen in the last case. Writing (9.1) in q-products with the help of (2.5), we find that
With the help of (2.7), we rewrite (9.2) in the form
We note that 6 − (ν 2 − 1)/8 is odd when ν = 5 or 3 and even when ν = 1. Thus, taking = 0 in the first two cases and = 1 in the last case, and then equating coefficients of 2N + 6 + − (ν 2 − 1)/8 on both sides of (9.3), we arrive at the partition identity claimed in the theorem. Theorem 9.2. Let S 1 denote the set of partitions into four distinct colors with two colors, say orange and blue, each appearing at most once and the remaining two colors, say red and green, appearing at most once and only in multiples of 64 − ν 2 . Let S 2 denote the set of partitions into four distinct colors with two colors, say Orange and Blue, each appearing at most once and only in multiples of 8 − ν and the remaining two colors, say Red and Green, appearing at most once and only in multiples of 8 + ν. Equating the coefficients of q 2N +16−(ν 2 −1)/4 on both sides of (9.6), we readily arrive at the partition identity claimed in our theorem. 
